Recently, the properties of a binomial sum related to the multi-link inverted pendulum enumeration problem have been studied. In this note, we establish bounds for this binomial sum.
Introduction
The binomial sum S p (n) defined by S p (n) = n j=1 j p n + j j has been studied in the literature because it is related to the multi-link inverted pendulum enumeration problem and it is important to know its properties (see [1] and references therein, for example). In this note, we provide bounds for S p (n) with p a real positive number using a stochastic approach. Throughout this note P(.) and E[.] will denote the probability and expectation operator, respectively.
Results
The key of the problem to obtain the bounds is to realize that the sum S p (n) may be write as a expectation value of a random variable with some adjustments, and using the following Lemma we obtain the result.
Lemma 2.1. Let g(x) > 0 be an even function and nondecreasing on
, where a.s.sup g(X) = inf{t : P(g(X) > t) = 0}.
Proof. see [5, pg. 52] .
Proof. Consider a random variable X with probability distribution
where c = 2n+1 n . It is easy to see that (1) is a probability function since c = S 0 (n) + 1 (see [2, pg. 159 ], for example). Then we have
Using Lemma 2.1 with g(x) = |x| p , p > 0, we have
In this case a.s.sup |X| p = inf{t : P(|X| p > t) = 0} = n. Using Lemma 2.1 we have
n . Then, we obtain
n we may write the upper bound as
Then the following statements hold as n → ∞:
Proof. Using Theorem 2.1 we have
The limit of upper bound is 2 if p > 1 and is 3 if p = 1, as n approaches infinity.
Proof. see [3, pg. 132] and [4, pg. 297 ].
Corollary 2.1. If n > 2, then
Proof. The result follows from Theorem 2.1 and Lemma 2.2. 
